Thermodynamical properties of dark energy with the equation of state u = u + uj±z 
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The thermodynamical properties of dark energy are usually investigated with the equation of state 
uj — ujo +Uxz. Recent observations show that our universe is accelerating, and the apparent horizon 
and the event horizon vary with redshift z. When definitions of the temperature and entropy of a 
black hole are used to the two horizons of the universe, we examine the thermodynamical properties 
of the universe which is enveloped by the apparent horizon and the event horizon respectively. We 
show that the first and the second laws of thermodynamics inside the apparent horizon in any redshift 
are satisfied, while they are broken down inside the event horizon in some redshift. Therefore, the 
apparent horizon for the universe may be the boundary of thermodynamical equilibrium for the 
universe like the event horizon for a black hole. 

PACS numbers: 98.80.Cq, 98.80.-k 



I. INTRODUCTION 



Many cosmological observations [3, 0, H, 3, such as 
the type la Supernova(SN la), Wilkinson Microwave 
Anisotropy Probe(WMAP), the Sloan Digital Sky Sur- 
vey (SDSS) etc., support that our universe is undergo- 
ing an accelerated expansion. This accelerated expan- 
sion is always attributed to the dark energy with nega- 
tive pressure which induces repulsive gravity [f| Q . Ex- 
cept for the property of negative pressure, we do not 
know too much about the components and other proper- 
ties of the dark energy. What is more, we have no idea 
about how the dark energy evolves. Various dark energy 
models have been proposed to describe the evolution, all 
of which must be constrained by astronomical observa- 
tions. In these models, the equation of state uj = p/p 
plays a key role and can reveal the nature of dark en- 
ergy which accelerates the universe, where p and p are 
the pressure and energy density of the dark energy re- 
spectively. Different equations of state lead to different 
dynamical changes and may influence the evolution of 



our universe, uj and its time derivative with respect to 
Hubble time uj — c?w/(i(lna)(where a is scale factor) are 
currently constrained by the distance measurements of 
SN la, and the current observational data constrain the 
range of equation of state as —1.38 < uj < —0.82 0]. 
The cosmological constant model with equation of state 
oj = — 1, which is considered as the most acceptable can- 
didate for dark energy has been investigated in Q. The 
Quintessence scalar field with uj in the range from —1/3 
to —1 has been investigated in [1, [13, El- The Phantom 
scalar field with uj < — 1, which can introduce the neg- 
ative kinetic energy and violate the well known energy 
condition, has been found in [12j. 

In order to get more information on dark energy, it has 
been widely discussed from the thermodynamical view- 
points, such as thermodynamics of dark energy with con- 
stant uj in the range — 1 < uj < — 1/3 [13], uj = — 1 in the 
de Sitter space-time and anti-de Sitter space-time fl4j . 
uj < —1 in the Phantom field [TEI, [l(| and the gener- 
alized chaplygin gas [I?) and so on. More discussions 
on the thermodynamics of dark energy can be found in 
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In this paper, we investigate the thermodynamical 
properties of an accelerated expanding universe driven 
by dark energy with the equation of state uj = ujq + uj\z 
and the Hubble parameter H 2 {z) = Hl[Vt 0m {l + z) 3 + 



2 



(1 - n Qm )(l + z )3(l+wo-^i) e 3w lZ ] ( w here H is the Hub- 
ble constant and fla m is the parameter of matter density). 
This model is in agreement with the observations in low 
redshift, where the parameter wn = —1.25 ± 0.09 and 
ojx = 1.97±2:o? are suggested by [2%. 

Though combining quantum mechanics with general 
relativity, it was discovered that a black hole can emit 
particles. The temperature of a black hole is propor- 
tional to its surface gravity and the entropy is also pro- 
portional to its surface area [23|, [24[ • The Hawking tem- 
perature is given as Th = k/2tt, where k is the surface 
gravity of a black hole, and the entropy of a black hole is 
S = A/4, where A is its surface area. Hawking tempera- 
ture, black hole entropy, and the black hole mass satisfy 
the first law of thermodynamics dM — TdS [25]. If a 
charged black hole is rotating, the thermodynamical first 
law is expressed as dM = TdS + £ldJ + V^dQ, where f2, 
J, Vq, Q are the dragged velocity, angular momentum, 
electric potential and charge of a black hole respectively. 
The event horizon of a stationary black hole is consid- 
ered as the system boundary [26] , inside which the black 
hole should maintain thermodynamical equilibrium. If 
our universe can be considered as a thermodynamical 
system[27], [M, Hj| [3(|, the thermodynamical properties 
of the black hole can be generalized to space-time en- 
veloped by the apparent horizon or the event horizon. 
The thermodynamical properties of the universe may be 
similar to those of the black hole, the thermodynamical 
laws should be satisfied. 

This paper is organized as follows: In Sec II, we ex- 
amine the thermodynamical first and the second laws on 
the apparent horizon with lo — loq + loiz. In Sec III, 
we similarly examine the thermodynamical laws on the 
event horizon. In Sec IV, we draw some conclusions and 
discussions. 



II. THE THERMODYNAMICAL LAWS ON THE 
APPARENT HORIZON 

The Friedmann-Robertson- Walker metric is [3l[ 

9ab= ( 1 a 2 /(l-kr 2 ) ) ' (1) 

If setting 

f = ar, (2) 

the dynamical apparent horizon can be determined by 
the relation 

/ = 9 ab f,a?M = 1-(H 2 + k/a 2 )f 2 = 0, (3) 

so we can get the apparent horizon radius 

?A = ar A = l/^H 2 + k/a 2 . (4) 

The WMAP data suggest that our universe is spatially 
flat with k — 0, so the apparent horizon is f A = 1/H in 



this case. The surface gravity on the apparent horizon is 

K = -f /2 \ r= f A = l/f A , (5) 

and the temperature is 

T A = k/2tx = l/2wf A . (6) 

In this paper, we concentrate on a more general model 
with 

H 2 (z) = H^no^l+zfH^-^il+zf^-^e 3 ^'} 

(7) 

As we just want to know more properties about dark 
energy, we take Slom = 0. And the Hubble parameter 
becomes 

H 2 (z) = H 2 (z){l + ^)3(i+^-^i) e 3^_ ( 8 ) 

In this section we use temperature, entropy and energy to 
examine the first and the second laws of thermodynamics 
on the apparent horizon. The temperature and entropy 
of the universe on the apparent horizon are T A = l/2itr A 
and S = A/A respectively. 

When calculating the flux of energy through the area 
A = \-Kr 2 A = 4ir/H 2 of the apparent horizon, we treat the 
horizon as a static surface, but allowing it to vary slowly 
with time. The amount of energy flux [l5| crossing the 
apparent horizon within the time interval dt is 

- dE A = Anr 2 A T ab k a k b dt = A-Kr 2 A {p + P)dt 

3 tr-l 1 + w o +U\Z 

~2 H ° T+~z 

x(l + z)-^ 1+u °-^e-i mz dz. (9) 

The entropy of the apparent horizon is 

S A = A/A = 4tt^/4 = 7Tf 2 A , (10) 

and its differential form is 

dS A = 2-Kr A df A . (11) 

Thus we can get 

T A dS A = df A 

3 „_ x l +^iz 

= Uf\ 

2 1 + z 

x(l + z)-M x+Uo - Ul )e-* UlZ dz. (12) 

From Eq.(9) and Eq.(12), we obtain the result —dE A = 
T A dS A , so the first law of thermodynamics on the appar- 
ent horizon of this redshift-dependent model is confirmed. 

The entropy of the universe inside the apparent horizon 
is related to its energy and pressure through 

TdSj = dEj + PdV. (13) 

The energy inside the apparent horizon is Ej = Airf A p/3 
and the volume is V — 47rf^/3. So we get 

dSi = ixr A (1 +3tv)dr A , (14) 
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in which u> = + cjiz and ta = ^/H = H 1 (1 + 

z )-f ( 1 +">o-wi) e -f 

Thus we can get the derivative of Si with respect to z 
dSi 3ttH* 

-± = ^(1 + 3^0 + 3^2) 

X (1 + UJ + UiZ) 

x(l + z)- 3(1+w °- Wl) - 1 e- 3 " lZ . (15) 
For the entropy of the apparent horizon, we get 

and the derivation of Sa with respect to z is 



ASa 
dz 



-3irH 2 (1+ujq+uj 1 z)(1+z) 



— 3(l+w — wi) — 1^ — 3^iz 

The total entropy varies with redshift z, so its deriva- 
tion is 



d(Si + S A ) 
dz 



3ttH, 



+LO + UJlzf 



X (1 + Z ^ 3 ( 1 +"0+"l2)-l 



xe 



— Zuji z 



(18) 



Considering the relation a = 1/(1 + z), we get 



d(S! 



3nH, 



da 



2— (I +uj q +uj 1 zf 



X(l + z )-3(l+"o-"i) + l 

xe' 



—Zu>xZ q 



(19) 



We find that the total entropy of the apparent horizon 
does not decrease with time and the second thermody- 
namical law is satisfied on the apparent horizon. 
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FIG. 1: (TEdSs), dEE and {—dEE) as functions of z with 
ujo = — 1 and lo\ = 2. 




III. THE THERMODYNAMIC AL LAWS ON 
THE EVENT HORIZON 

The event horizon of the universe is the position of the 
greatest distance that an particle can reach at a partic- 
ular cosmic epoch, so the definition of the event horizon 
is 



FIG. 2: TEdSE + dEE as a function of z with ujq = — 1 and 
wi = 2. 



Meanwhile, we get 



r E = a 



dt 1 



a 1 + z J z H 



1 



/ H-\l + z)^^ 1+ ^-^ 

1 + 2 Jz 



xe~ 2 ^ z dz. 



(20) 



The energy flux through the event horizon can be sim- 
ilarly expressed as 



dE E = 47rr|p(l + u)dt = -~r%H (l +uj + uiz) 



x(l + z) 2 e 2 dz. 



(21) 



dE E = -r E H (l + uj + uj x z) 

x(l + z) 2 e 2 dz. 



The entropy of the event horizon is 



dri 



dS E = 2irr E dr E = 2itr E — — dz. 

dz 



(22) 



(23) 



Using Hawking temperature of the event horizon, we can 
also obtain 



T E dS E = dri 



(24) 
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FIG. 3: 



d(Sj + S E ) 



as a function of z with loq 



It is shown in Fig.l and Fig. 2 that 
- dE E ^ T E dS E . 



-landwi =2. FIG. 4: tHd(\nrA) /dz and tnd(lnrE)/dz with the redshift 
during a Hubble scale with u)o = — 1 and wi = 2. 



(25) 



In the higher redshift, —dE E is in agreement with 
T E dS E , but in the lower redshift, they are not consis- 
tent. Therefore, the first law of thermodynamics with 
the usual definition of entropy and temperature on the 
event horizon is not always confirmed. 

For the entropy of matter and fluids inside the event 
horizon, we have 



TdSi = dEi + PdV. 



(26) 



The energy inside the event horizon is Ej = ATrr E p/3, so 
we get 

dSi = 2nr E HdH + 3nr E H 2 (l + lu + w x z)dr E . (27) 



The entropy of the event horizon is S E 
have 

Similarly we get 

djSj + S E ) 

dz 



' E- 



dS E = 2wr E —^-dz. 

dz 



(28) 



= 2vr E H 



_dH 

dz 



+ 



ir[3r 3 E H 2 (l 



(1 + uj q + wx) + 2r E }^{29) 

dz 



In FIG. 3, we also find the total entropy inside the event 
horizon is not always negative. Through the relation a — 
1/(1 + z), we can get 



da = — - 



1 



(1 



-dz. 



(30) 



As a result, d(Si + S E )/da does not keep positive all 
the time. The thermodynamical second law breaks down 
inside the event horizon. 




FIG. 5: The apparent horizon and event horizon as functions 
of z with Wo = — 1 and wi = 2. 



IV. CONCLUSIONS AND DISCUSSIONS 



The Hawking temperature, entropy together with the 
black hole mass follow the thermodynamical first law 
dM = TdS, and the Einstein equation can be derived 
from the thermodynamical law [301 ]. As the thermody- 
namical laws hold on the event horizon of a stationary 
black hole, the black hole keeps thermodynamical equi- 
librium inside it. 

The apparent horizon of a black hole is a two- 
dimensional surface for which the outgoing orthogonal 
null geodesies have zero divergence [32j. A black hole 
in asymptotically flat space-time is defined as a region so 
that no casual signal (i.e., a signal propagating at a veloc- 
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ity not greater than light) from light can reach, then the 
event horizon constitutes the boundary of a black hole. 
When the weak energy condition is satisfied, the apparent 
horizon either coincides with event horizon or lies inside 
it. In stationary black holes, the apparent horizon and 
the event horizon coincide, such as Schwarzschild black 
hole and Kerr-Newman black hole and so on. There al- 
ways exists the event horizon located outside the appar- 
ent horizon. When a spherically symmetric black hole 
becomes non-stationary for some time due to the matter 
falling into it, the thermodynamical laws are not fit for 
a non-stationary black hole. When a black hole is non- 
stationary the apparent horizon is always not consistent 
with the event horizon and the thermodynamical laws 
may not always hold on the event horizon. 

The universe is accelerating and should be not station- 
ary. Due to the heat through apparent horizon area, we 
have calculated a variation of the geometrical entropy 
on the apparent horizon. We find that the thermody- 
namical relation is — dE = TdS. In addition, we also 
examine the changes of the total entropy with the time 
d(Si + SA)/da > 0, therefore, the second law of thermo- 
dynamics is evidently confirmed. While the thermody- 
namical laws on the event horizon do not hold on, the 
results are in agreement with the work of Wang [l3|. 
When the apparent horizon can be regarded as a thermo- 
dynamical system which has associated entropy S = A/A 
with the temperature T = l/27rr, the differential form 
of the first thermodynamical law on the apparent hori- 
zon can be written to the differential form of the Fried- 
mann equation [33| . In a word, the apparent horizon 
is a good boundary of keeping thermodynamical proper- 
ties, and the universe has a thermal equilibrium inside it. 



These properties disappear on the event horizon. Maybe 
the usual definition of temperature and entropy are not 
well-defined , or it is non-equilibrium of thermodynamics 
inside the universe. 

In FIG. 4, in the low redshift, the changing rate of the 
apparent horizon and the event horizon is not signifi- 
cant. The thermodynamical description of horizons [l5| 
will be approximately valid. The apparent horizon al- 
ways exists and usually is inside the event horizon. In 
FIG. 5, the event horizon is outside apparent horizon at 
higher redshift phase and the universe is undergoing ac- 
celerated expansion. But in this model the redshift be- 
comes smaller than zero and the equation of state is 
lo < —1, the universe may have a superacceleratd ex- 
panding process and the apparent horizon is outside the 
event horizon. This model is similar with the Phantom 
field which will lead to undesirable future singularity and 
violate the weak energy condition. 

In summary, it is interesting to investigate the universe 
from the thermodynamical viewpoints, although thermo- 
dynamical properties need to be explored more deeply in 
the future. 
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